We present a new integrated approach t o t h e t wo-dimensional part segmentation, shape and motion estimation of moving multi-part objects. Our technique exploits the relationship between the geometry and the observed deformations of the apparent contour of a moving multi-part object and its structure. The novelty of the technique is that no prior model of the object or of its parts is employed.
Introduction
In many computer vision applications such as object recognition, tracking, anthropometry, teleconferencing and virtual reality it is important to determine the moving parts of a complex multi-part object, and estimate their joint locations. However, at present, no technique exists that automatically segments a multi-part object. The identi cation of the parts of an object from a single image is an under-constrained problem. For example, when we observe a h uman arm in a posture as in Fig. 1(a) (assuming no prior knowledge about the structure of a human arm) we cannot decide whether it is composed of one or multiple parts. Similarly, based on Fig. 1(c) , we m a y conclude that it is a bent object. However, if a sequence of images is used (Figs. 1(a-d) ) then the existence of multiple moving parts can be inferred. Recently, Metaxas and Terzopoulos 25] d e v eloped a physics-based framework for the estimation of shape and motion parameters of an object from image or range data. They assumed that each m ulti-part object was already segmented into its constituent parts. In this paper, we extend this physics-based approach b y d e v eloping a uni ed framework for the two-dimensional part segmentation, as well as the shape and motion estimation of the moving parts of a multi-part object. Speci cally, w e address the problem of detecting the moving parts of an object and estimating their shape and motion by using information present in a monocular sequence of images. Our goals are the following: (1) to estimate the shape of the object in each image, (2) to determine the parts that the object is composed of and their spatial relationship, (3) to estimate the shape of the parts, and (4) to estimate the parameters of the parts' motion with respect to the environment.
For the purposes of this paper we de ne as part the portion of a multi-part object that is moving rigidly with respect to the other portions of the object. Such partitioning normally re ects the structure of the multi-part object quite well due to the principle of parsimony 1]. To correctly represent the underlying data, it is imperative t h a t w e couple the processes of segmentation and tting. In addition, we c hoose, as shape primitives, dynamic deformable models with local and global deformations 23] . The reasons are the following: (a) they are versatile and provide the ability to describe shape at both low and high levels of resolution in a compact way, (b) they can be combined to provide a piecewise continuous description of complex primitives 16], (c) they are stable with respect to small changes due to noise, viewpoint or scale, and (d) they can predict the shape of the occluded parts due to the built-in symmetry.
The algorithms presented in this paper are based on the observation that the geometry of the apparent c o n tour of a moving multi-part object and its deformation are related to its structure. We assume that the observed object is either nominally rigid or it is composed of multiple parts which are nominally rigid and can move r e l a t i v e t o e a c h other. Assuming a non-accidental view, if the object is composed of multiple parts then the geometry of the apparent c o n tour of the object Figure 2 : Due to inter-part occlusion and the relative motion of the parts, the shape of the apparent contour of the scissors changes dynamically.
dynamically changes as these parts move relative t o e a c h other (Fig. 2) . Therefore, deviation from the assumption of nominal rigidity p r o vides clues to assume an underlying part structure. Thus, spatiotemporal analysis of the deforming silhouettes of an object whose parts move relative to each other enables the simultaneous segmentation and shape and motion estimation of the parts.
This paper makes two c o n tributions. The rst contribution is the development of an algorithm that segments the apparent c o n tour of a multi-part object into the apparent c o n tours of its constituent parts. Initially, the image data are t using a single deformable model. A n o vel Part Segmentation Algorithm (PSA) is developed to identify all the moving parts of a multi-part object as the deformable model of its apparent c o n tour deforms to t the time varying (due to the motion of the parts) image contours. As the object's parts move, the global and local deformations of the model allow u s t o h ypothesize an underlying part structure. This hypothesis is veri ed by further monitoring the relative motion among the model's parts and the satisfaction of certain criteria which are based on the model's state and the given data. Upon veri cation of the part hypothesis, the initial deformable model is split into two or more models that better t the apparent contour. By applying the PSA iteratively over the subsequent image frames, all the moving parts are identied based on the visible deformations of the apparent c o n tour. Thus, we automatically determine the parts of a multi-part object and capture its underlying part structure. The advantages of our technique are the following: (1) integrates the processes of part segmentation and tting, (2) allows reliable shape description of the parts, (3) estimates the location of the joints between the parts (if any), (4) detects multiple joints (if any), (5) copes with the problem of occlusion (occlusion between objects and occlusion between the parts of an object), and (6) makes no assumptions of a prior object model or part segmentation.
The second contribution of this paper is the development of a new algorithm based on the theory of fuzzy clustering for assigning forces from the data to multiple deformable models. According to the physics-based framework 23], the deformable models that track the apparent c o n tour of the multi-part object change positions and orientations and deform away from their rest positions based on forces that data points on the apparent c o n tour exert on the model. In previous approaches, where prior segmentation was assumed, each data point exerted forces only to one model. In our method, however, a single deformable model may split, if certain criteria are satis ed, into two o r more deformable models in order to recover the observed object's part structure. Since multiple deformable models are employed to t the data, force assignment becomes more complicated. The reason being that a decision has to be made for the determination of the association of an observed data point with a model. The new algorithm allows partial overlap between the model's parts and the determination of the joint locations (if any).
The rest of the paper is organized as follows. Section 2 presents previous research related to the new framework. Section 3 reviews the formulation of deformable models and presents the theoretical framework for the analysis of the model's deformations and also includes the new allneighbors force assignment algorithm. In Section 4 the PSA is presented, while Section 4.4 describes the method for computing the instant rotation center between parts. Finally, the e ectiveness of (a) (b) Figure 3 : (a) The moving parts of the articulated object are not salient in this scene, or (b) the salient parts of the object are not movable. the approach is demonstrated through a series of experiments presented in Section 5.
Related Research
Humans exhibit remarkable abilities in simplifying visual inputs. The term \simplifying" refers to the act of partitioning images into entities that correspond to distinct regions, objects, and parts in the real world, and to the act of describing these entities only in detail su cient for performing the task. Usually, the rst level of simpli cation entails obtaining part descriptions. Researchers in visual cognition have extensively explored the descriptive p o wer of parts-based representations of objects 22, 14, 5, 28, 10, 8 , 1 2 , 3 3 ] . For the purposes of computer vision applications, researchers either assumed that each m ulti-part object was already segmented into its constituent parts 39, 27, 25] or they sought to organize objects and their parts into classes and hierarchies following either a static approach or a dynamic approach.
In the static approach, inferences about the parts are drawn based on the information present on one image only. The parts of an object are determined by segmentation of its boundary, b y decomposition of its interior region or by a c o m bination of these two methods. In contour-based segmentations the parts of an object are de ned based on geometric concepts. As an example, objects in a static scene may be segmented into parts at points of high curvature 11] o r a t p o i n ts where the curvature changes 34] s u c h as cranks, bends, bumps and ends 2]. Then, two-dimensional 7, 2 2 , 37, 13, 40] or three-dimensional geometric primitives 5, 3 , 2 6 ] are tted to the image data from the parts. In addition, several researchers used methods from mathematical morphology to decompose a given shape 29, 1 8 ] while other researchers view the part decomposition as a process 21, 1 9 , 3 8 ] . Ho man and Richards advocate that part decomposition should proceed part description and propose a theory of parts which relies not on the shape of the primitives that capture the shape of the parts but on general principles underlying their formation or \regularities of nature" 14, 3 2 ] .
However, the moving parts of an object may not be perceptually salient in a static scene ( Fig. 3(a) ) and the geometric parts that are perceptually salient in a static scene do not necessarily correspond to the moving parts ( Fig. 3(b) ). In addition, if we reason about parts based on information present in static scenes, we are missing information that would allow us to infer if and how the parts are joined and the range of their movement. In the dynamic approach, information from image sequences is exploited to infer the structure of the object under observation 20, 31] . However, in most of the previous techniques, the process of segmentation and the process of shape and motion estimation are decoupled leading to possible lack of robustness and inaccuracies in shape and motion estimation.
Theoretical Framework
In this section, rst we review the general formulation of deformable models 23]. Next, we g e neralize the de nition of symmetric global deformations, in order to extend the number of shapes that we can model using parameterized primitives. Speci cally, w e de ne piecewise continuous asymmetric global deformations and a parameterized piecewise bending deformation. An example of an object whose shape can be captured more accurately using piecewise continuous asymmetric tapering is that of an upper human arm. We then describe the local strain energy and the nite elements which guarantee C 1 continuity.
Deformable Models: Geometry
The models used in this work are two-dimensional contour shape models. The material coordinates v of a point on these models are speci ed over a domain . The position of a point on the model relative to an inertial frame of reference in space is given by a v ector-valued, time varying function. In particular, the three-dimensional position of a point w . r . t . a w orld coordinate system is the result of the translation and rotation of its position with respect to a non-inertial, modelcentered coordinate frame . Therefore, the position of a point with material coordinate v of a deformable model i at time t with respect to an inertial frame of reference is given by the formula: 
Constant Curvature Bending
We extend the class of global deformations de ned in 23] (e.g., symmetric tapering, bending, shearing and twisting) by de ning the parameterized piecewise bending deformation through which only part of the model bends and ensures constant curvature along the major axis of bending. This de nition is inspired from 4] and is useful for many natural and man-made objects. However, the new de nition decouples the recovery of the rotation and bending parameters during model tting. A full treatment of the elastic bending of an object requires detailed knowledge of the physical properties of the materials used as well as the geometry of the object. The bending deformation presented here is a mathematical transformation and is based entirely on the geometric properties of the object.
The domain of the bending function is a bounded subspace of the Euclidean space R I 3 . This domain is partitioned into three non-intersecting zones: the xed z o n e , t h e bending zone and the relocation zone (Fig. 5) 
Piecewise Continuous Asymmetric Tapering
To extend the number of shapes that we can model using parameterized primitives, we generalize the de nition of symmetric global deformations 25] to allow piecewise continuous asymmetric global deformations. Although, we demonstrate the formulation of piecewise continuous asymmetric tapering only, the same extension can be applied to any global deformation. An example of an object whose shape can be captured more accurately using piecewise continuous asymmetric tapering is that of an upper human arm ( Fig. 16(l) ). where K is the sti ness matrix. The sti ness matrix K determines the elastic properties of the model and is calculated from a deformation energy which is a linear combination of a membrane and a thin-plate (see section 3.5). Note that Eq. (11) yields a model that has no inertia and comes to rest as soon as all the applied forces equilibrate. The generalized forces f q are computed from the two-dimensional or three-dimensional forces that the data apply to the two-dimensional or threedimensional deformable model respectively. In particular, the generalized forces f > q are computed from 23]: (12) where f applied are the external two-dimensional or three-dimensional forces that are exerted on the model.
All-neighbors force assignment based on fuzzy clustering
In the previous work 25], the nearest-neighbor force assignment method was employed to compute the external forces that the image data apply to the deformable models. In that approach, it is assumed that a data point can be associated with only one model. There are two main problems with the nearest-neighbor method rst, with some probability, the nearest data point i s n o t a l w ays the most appropriate one to use and second, in the case where the data from more than one objects are tted, the method is order dependent. Therefore, this method is most e ective for tting a single object or multiple non-interfering objects in low density clutter. In the case of multiple objects or parts, force assignment becomes more complicated. A decision has to be made for the determination of the association of the observed data point with the multiple models. To o vercome this problem, we develop an all-neighbors force assignment algorithm inspired by the theory of fuzzy clustering 35] . In this all-neighbors force assignment algorithm a data point can be associated with more than one models. By introducing a data point's degree of membership in a particular model a data point exerts a force to each of the deformable models used in tting ( Fig. 6 ) instead of only to one. In particular, each data point r i applies forces to each m o d e l proportional to a weight p r i j which is the probability that this point is correctly associated with the model j. Hence, the force that a data point r i applies to the nearest point x j i of a deformable model j is given by the formula F j r i = p r i j (r i ;x j i ), where p r i j is the certainty weight of a point r i to a model j. One can think the process of deciding to which deformable model an orphan data point should apply forces to, as deciding to which cluster (for our problem to which deformable model) the vector of the position of the data point belongs to. This classi cation is based on the distance of this vector from the prototype vectors. The prototype vectors are the positions of the points on the deformable models which lie at the nearest distance from the data point. Since the certainty weights represent the degree of membership of a data point t o a g i v en model, our algorithm can be viewed as gradually decreasing the fuzziness of the associations. We compute these weights, whose sum is always equal to one, by minimizing an appropriately selected energy expression (see Eq. (13)).
Let fr i g i = f1 : : : n g, be the set of data points for which certainty w eights will be computed, where n is the cardinality of the set. Also, let x j i be the point on model j that is located in the nearest distance from data point r i , and let p r i j be the certainty that the data point r i is best associated with model j, j = f1 : : : m g, w h e r e m is the number of models employed in tting. One can think the process of deciding to which deformable model an orphan data point should apply forces to, as the fuzzy classi cation of a nite number of unlabeled vectors based on their proximity to a set of labeled prototype vectors with known membership. Let the set of the labeled prototype vectors be the set ffx : (14) We perform the minimization for each data point r i using the method of Lagrange multipliers and we minimize the following function: (17) One consequence of the fact that a data point attracts multiple models is that the new force assignment algorithm allows partial overlap between the two models at a joint.
Finite Element Implementation
To discretize the equations of motion (Eq. (11)), the nite element method is employed 23]. Through this technique, the deformable model is approximated by a nite number of small regions called elements. Thus, the deformable model is partitioned into a number of nite elements that are assumed to be interconnected at nodal points on their boundaries. Fo r a t wo-dimensional deformable model, we divide its parametric space into a set of distinct sections divided by n nodes located at v i positions in the parametric space such that ; = v 0 v i < v n = . The space between the two adjacent nodes is an element. A point within a two-dimensional element is identi ed by the local coordinate which spans the interval 0 1]. The geometry of an element is completely described by whose relationship with v is given by: = v;v 1 v 2 ;v 1 , where v 1 and v 2 are the values of the coordinate v at the endpoints of the element.
Local Deformations in 2D
To ensure C 1 continuity o f a t wo-dimensional deformable model of an object, we employ an appropriate strain energy and we select the Hermite polynomials N i as the element shape functions.
Speci cally, w e use a loaded thin plate deformation energy which, for a two dimensional deformable model, is given by the functional:
The nonnegative w eighting functions w i (v) control the elasticity of the material. By increasing w 1 the deformation has more thin plate properties, while by increasing w 2 the deformation has more membrane properties. For the purposes of this paper, we reduce these functions to scalar sti ness parameters w i (v) = w i . In 24] w e present a t e c hnique for the automatic spatio-temporal adaptation of a deformable model's elastic parameters for shape estimation applications.
In the following, we d e r i v e (using the procedure described in 23]) the values of the local sti ness matrix K dd by applying one-dimensional nite elements to the deformation energy of a loaded thin plate energy. We h a ve discretized the parametric space of material coordinate v by using onedimensional nite elements. Therefore, we can derive the sti ness matrix as an assembly of the local 
The energy of the model is de ned as an integral over the entire primitive of a functional which depends on the shape of the primitive as described by di erential geometry. Speci cally, the thin plate deformation energy E j of a nite element j is the sum of the component energies at the x and y axes. Therefore, E j (d j ) = E j (d j x ) + E j (d j y ) where (27) In accordance to the theory of elasticity, Eq. (27) can be written in the form: where ; j y = ; j x . T h us, the element sti ness matrix is 
Inferring 2D object structure
This section presents a technique for estimating the shape and parts of a multi-part object. The goal is to automatically segment the apparent c o n tour of the multi-part object and estimate the shape of its parts without assuming a prior model of the object or of its parts. To accomplish this goal, we use a sequence of images in which m o vement b e t ween the parts occurs and we e m p l o y the Part Segmentation Algorithm (PSA) (Fig. 8) . The technique is based on the observation that the geometry of the model of the apparent c o n tour of a multi-part object with nominally rigid parts and its deformation under motion are related to the structure of the object under observation. Since deviation from the assumption of nominal rigidity p r o vides clues to assume an underlying part structure, the identi cation of the parts of a multi-part object is driven by visual events that link changes in the apparent c o n tour of the multi-part object to its structure. The recovered structure o f a m ulti-part object is denoted by a graph in which there is a node for each part of the object that speci es the geometric model of the part. Arcs between nodes denote that a joint e x i s t s b e t ween parts of the object and each j o i n t allows a range of positions between the two parts. The apparent contour of a multi-part object is the projection of the locus of points on the object which separates the visible from the occluded surfaces of the parts. An initial assumption is made that the object under observation consists of a single part. A single deformable model is tted to time-varying image data using the physics-based framework 23]. If the object is composed of multiple parts, when these parts move relative to one another (or as multiple parts which are initially occluded move relative to one another), the apparent c o n tour changes dynamically (protrusions 1 or intrusions may appear within the outline) and it might c hange topology as well. Assuming that one observes the movement of one or multiple objects, which are either nominally rigid or are composed of multiple parts which are nominally rigid and can move relative to one another, the changes to the apparent contour can be attributed to the following reasons (assuming a non-accidental point of observation and that the observer is stationary): (1) multiple independent objects occlude each other initially (either partially or fully) but they become unoccluded during their movement, and (2) parts of a multi-part object which initially occlude each other become unoccluded as they move. Based on observing these visual events that are related to the changes of the apparent contour, three criteria have been developed that lead to the hypothesis of multiple parts or multiple objects.
The rst criterion (Part Decomposition Criterion A) refers to the case where objects which a r e partially occluding each other (and they appear as a single object initially) become completely visible (Fig. (9) ). The topology change of the model of the apparent c o n tour indicates clearly the existence of multiple parts. The second criterion (Part Decomposition Criterion B) refers to the case where the parts of an articulated object which are connected at their endpoints, and do not fully occlude each other initially, rotate in a plane parallel to the viewing plane. An example where this criterion will apply is the case of a robot arm moving as in Fig. (11) . The third criterion (Part Decomposition Criterion C) refers to the case of articulated objects whose parts are joined (but not at their endpoints) and they move relative t o e a c h other. As the occluded parts move, intrusions may be observed within the initial apparent c o n tour. An example of this case is the movement of opening the handles of a pair of pliers as in Fig. (12) . If any of the above criteria is satis ed, then the corresponding algorithm is employed to hypothesize multiple parts or multiple objects. It should be noted that this algorithm is general because instead of using templates, which are domain speci c, our e ort is concentrated in specifying general criteria su cient to analyze and to segment a dynamic apparent contour into parts. Below, the structure of the PSA algorithm is presented.
Algorithm: Part Segmentation (PSA)
Step 1: Initially, assume that the multi-part object consists of a single part. Create a list of deformable models L (with one entry initially) that will be used to model the objects present in the scene and their parts. In addition, create a graph G with one node. The nodes of the graph G denote the parts recovered by the algorithm. The arcs of the graph denote which parts are connected by joints.
Step 2: If not all the frames of the motion sequence have been processed, t the models of the list L to the image data using the physics-based shape and motion estimation framework and execute steps 3 and 4. Otherwise, output L and G.
Step In the following, we present the Part Decomposition Criteria and the related algorithms, through which w e segment the apparent c o n tours of a multi-part object.
PSA -
Step 3a: Topologically adaptive deformable models.
Observing the evolution of the apparent c o n tours in the image sequence of Fig. (9) , one can o er two possible interpretations. On the one hand, if one assumes that the observed object is elastic, large deformations may be due to growth. On the other hand, if one assumes that the object is nominally rigid, then large spatiotemporal changes in the geometry of the apparent contours are due to the existence of multiple objects or multiple parts that are occluded initially. One of the criteria that signal the existence of multiple objects is a change in the topology of the apparent contour. Before we present the criterion, we refer to the de nitions of a part line and of a neck line Step 2: Perform an eigenvector analysis on the data points that correspond to the two domains I i j (j = 1 2) to approximate the parameters of two deformable models m i 1 and m i 2 which can t these data points. 
PSA -Step 3b
The time-varying contour of an elastic object which bends or of an articulated object whose parts are rotating (assuming that the parts are connected at their endpoints and do not fully occlude each other initially) can be estimated using a deformable model which undergoes bending deformation.
An example of such a m o vement i s s h o wn in Fig. (11) . To determine the existence of multiple parts, the values of the model's bending parameters are monitored. The rst part of the criterion ensures that the object under observation undergoes a bending deformation (undergoing a transition from an unbend to a bend state or vice versa). If the error of t (t) d o e s n o t c hange during the bending process, then we observe an elastic object that bends. However, if the error of t does change, then this is an indication that we observe m ultiple objects rotating relative t o e a c h other or multiple parts of the same object rotating relative t o e a c h other. As stated previously, the list L contains the deformable models m i i= f1 : : : n g that model the objects and their parts in a scene. Let b i (t) be the b bending parameter of a deformable model m i at time t (see Eq. (7)) and b i (t init ) b e the bending parameter of the model tted to the data at time t init when the model was initialized. (6)) of the deformable model m i , identify the data points that correspond to the xed and relocation zones of the bent model m i and mark them as to be modeled by the two new models m i 1 and m i 2 , respectively. H o wever, the data points that correspond to the bending zone of the model m i are marked as orphan data points since it is uncertain as to which of the two new models they should be assigned. This is necessary since we do not know i n a d v ance the shape of the underlying parts.
Step 2: Perform an eigenvector analysis on the data points that correspond to the xed and relocation zones of the model m i , to approximate the parameters of two deformable models m i 1 and m i 2 which can describe these data. 
PSA -Step 3c
The third criterion refers to the case of articulated objects whose parts are joined (but not at their endpoints) and they move relative t o e a c h other. As the parts of the object move and attain new postures, the apparent c o n tour changes dynamically and large intrusions are emerging. The evolution of the shape is monitored and, if there is no neck line formed with the apparent contour, then the following criterion applies (Fig. 12) .
Part Decomposition Criterion C If for a model m i the relation kp i (v t)-p i (v t init )k > K A 1 (where K A 1 is the same a priori de ned constant a s i n P art Decomposition Criterion A, and p i (v t), p i (v t init )
represent the current and the initial shapes w.r.t. the model-centered reference frame) holds, then invoke the Part Decomposition C algorithm.
Algorithm: Part Decomposition C
Step 1: Determine the model's domain I i 1 (I i 1 ) of the material coordinate v, i n which maximum variation of the shape over time is detected.
Step 2: Monitor the shape evolution of deformable model m i and cluster its nite elements based on their change of orientation. Determine the model's domain I i 2 , I i 2 I i 1 , for which consistent c hange of the orientation of the nite elements within the element domain I i 1 of the deformable model is detected.
Step 3: If n (n > 1) clusters are recovered, perform an eigenvector analysis on the data points that correspond (e.g., are applying forces) to these nite elements to approximate the parameters of the deformable models m i j (j = 1 : : : n ) which can t these data points.
Step 4: Update the list L by replacing the model m i (t) with the models m i (t init ) a n d m i j (j = 1 : : : n ).
For step 2 of the PSA, the models included in list L are tted to the image data using the all-neighbors force assignment algorithm (section 3.3) and the physics-based framework 25]. In addition, the instant rotation center around which a model rotates (for the case of two-dimensional deformable models) can be determined using the method described in the following section. i. Assuming that the new position is the result of rotating around a point (which w e will call the projection of the instant rotation center) with coordinates r = r 1 r 2 ] > with respect to , then Q(t)( x i (t) ; r(t)) + r(t) = x i (t + t) (28) where the rotation matrix Q = " cos! ; sin! sin! cos! # . Due to noise, the vector k = Q(t)( x i (t) ; r(t)) + r(t) ; x i (t + t) (29) will not be equal to 0. Our goal is to determine the vector r such that the quantity k > k is minimized. To nd the minimum of the quantity k > k, one has to solve the following system of non-linear equations: The system of Eqs. (30) is solved using the Newton-Raphson method for non-linear system of equations 30]. For the method to converge in a few iterations, a good initial estimate is provided as follows. 
Computation of the instant rotation center
@(k > k) @r 1 = @(k > k) @r 2 = @(k > k) @! = 0(30)
Experiments
In this section, we e v aluate the e ectiveness of our proposed methodology through a series of experiments on real image sequences.
In all the experiments, the region of interest has been obtained by subtracting the current image from the known background and the outlines have been obtained by applying a variation of the Canny edge detector to the input image sequence 9] . The values of the a priori constants for the PSA are the following: K A 1 = 0 :5 min(a 1 a 2 ) K A 2 = 2 pixels, and K B 1 = 1 5 deg K B 2 = 0 :2 (t init ). These values were experimentally determined and remained the same for all the experiments. The local deformation sti ness parameters of the initial model were set to w 1 = 0 :1, w 2 = 0 :2, w 3 = 0 :1, and the time step for the Euler method was 10 ;6 s.
Experiment I : P en and topology change
The rst experiment is designed to evaluate the performance of the Part Decomposition A algorithm. In this experiment, we observe the motion of removing the cap from a pen. Figs. 13(a-f) show six frames from the image sequence. Figs. 14(ra-rf) depict the tted deformable model to the corresponding image data during the movement. In Fig. 14(rf) the Part Decomposition Criterion A is satis ed and the corresponding algorithm is invoked. Fig. 14(rg) shows the two new models that are employed to t the data.
Experiment II: Robot Arm
The second experiment is designed to evaluate the performance of the Part Decomposition B algorithm. In this experiment, we observe the planar motion of a robot arm, which is composed of two parts. Fig. 11 shows ve frames from the image sequence. Figs. 15(a-l) depict both the image data and the deformable model or models at each stage of the tting. Figs. 15(a-c) show the initialization of a deformable model at the center of mass of the data, an intermediate stage in the tting and the nally tted model to the rst frame using only global deformations, including tapering and bending. Fig. 15(d) shows the model tted to a subsequent image frame where bending becomes apparent. In Fig. 15 (e) the model tted to a subsequent image frame satis es the Part Decomposition Criterion B and a hypothesis is generated that the object is comprised from two parts. Figs. 15(f-h) demonstrate the tting of the two new models to the image data using the Part Decomposition B algorithm. Fig. 15(f) shows the two new models initialized to the xed and relocation zone of the initial model. The orphan data points exert forces to the new models based on our algorithm for all-neighbors force assignment. Fig. 15(g) shows an intermediate step in the tting process, while Fig. 15 (h) shows the nally tted models. Fig. 15(i) shows the models prior to tting the data from a subsequent frame at the image sequence. Figs. 15(j-k) demonstrate the models tted to data from another two frames from the forward motion of the robot arm. Finally, Fig. 15(l) shows the two models tted to the nal frame, as the robot arm moved backwards, to the original position.
Experiment III: Human Arm
The third experiment demonstrates that the new global deformations (piecewise asymmetric tapering and constant curvature bending) allow us to model an object with complex shape in a compact way. In this experiment, we used the image data obtained from observing the planar motion of a human arm (Figs. 1(a-d) ). A deformable model is tted to the image data from the rst frame, using global ( Fig. 16(a) ) and local ( Fig. 16(b) ) deformations. Figs. 16(c-d) show the model tted to a subsequent image frame using global and local deformations respectively. Since the Part Decomposition Criterion B has been satis ed in Fig. 16(e) , the Part Decomposition B algorithm is invoked and two new models are initialized (Fig. 16(f) ) and tted to the given data ( Fig. 16(g) ). The result of tting using only bending and piecewise asymmetric tapering global deformations is depicted in Fig. 16(h) , while to attain the tting depicted in Fig. 16(i) local deformations are employed. Figs. 16(j-l) depict the tting process of the two models to the data from a subsequent frame using global and local deformations.
Experiment IV: Human Finger
The fourth experiment i s d e s i g n e d t o e v aluate the performance of the Part Decomposition B algorithm when the multi-part assembly is composed of more than two parts. In this experiment, we use image data obtained from the planar motion of a bending human nger (Fig. 17) . Figs. 18(am) depict both the image data and the deformable model or models at each stage of the tting. Figs. 18(a-c) show the initialization of a deformable model at the center of mass of the data, an intermediate stage in the tting and the nally tted model to the rst frame using only global deformations, including tapering and bending. Fig. 18(d) shows the model tted to a subsequent image frame. Fig. 18(e) shows the model tted to the image frame where the partitioning criteria Figure 15 : Part segmentation, shape and motion estimation of a robot arm. are satis ed. Then, the hypothesis that the object is comprised from two parts is generated and the corresponding part decomposition algorithm is invoked. Figs. 18 (f-h) demonstrate the tting of the two new models to the image data. Fig. 18(f) shows the initialization of the new models. Fig. 18(g) shows an intermediate step in the tting process, while Fig. 18(h) shows the nal tted models. Fig. 18(i) shows the models tted to subsequent frame. Fig. 18(j) shows the models tted to the frame where the partitioning criteria are satis ed for the upper model and the hypothesis that the upper model should be replaced by t wo new models is generated. Fig. 18(k) shows the initialization of the two new models based on our technique, while Figs. 18(l-m) show all three models tted to the given data using global and local deformations, respectively.
Experiment V: Pliers
The fth experiment is designed to evaluate the performance of the Part Decomposition C algorithm. In this experiment, we observe the motion of one handle of a pair of pliers. Figs. 19(a-e) show v e frames from the image sequence. Figs. 20(ra-re) depict the tted deformable model to the corresponding image data during the movement. The Part Decomposition Criterion C is satis ed for the deformable model depicted in Fig. 20 (re). The corresponding algorithm has recovered the two areas that correspond to moving parts. In these areas, dynamic deformation of the apparent contour is observed and in addition the nite elements of the deformable model have c hanged orientation. Fig. 20(rf) shows the three models that are employed to t the data. The rst deformable model is tted to the data from the left handle of the pair of pliers, the second one is tted to the data from the right j a w and the third one is tted to the data from both the right handle and the left jaw. The data from the right handle and the left jaw are modeled together since they remained unmoved relative to one another and therefore are considered to be one part.
Experiment VI: Coping with Occlusion
The sixth experiment is designed to evaluate the performance of tracking the motion of a multipart assembly whose parts have been previously determined in the presence of occlusion. Once the number of parts has been determined, and in order to track their motion in the presence of occlusion, we use an extended Kalman lter 23, 15] to predict the location of the data at the next time step, in addition to ltering the noise. The prediction is based on the magnitude of the estimated parameter derivatives and allow a spatio-temporal search space (our parameters are associated with both the shape and the motion of the model). In this way, w e can ignore spurious edges in both space and time introduced when another object temporarily occludes part of our object. Our approach is similar to the one used in 6], however, our lter does not use a constant velocity model. This allows us to track objects that do not move with constant v elocity and are occluded during their motion. In this experiment, image data were obtained from a human arm which w as occluded during its planar motion (Fig. 21) . Fig. 22(a) the existence of two models has been established. The location of the joint has been determined and a point-to-point constraint enforces the contact of the two models. Fig. 22 (b) shows data from a subsequent frame where partial occlusion occurs it can be seen in the form of additional edge points. Figs. 22(c,d) show the previous position of the models and the models tted to the new data while ignoring the additional data points due to occlusion through the use of the predictive power of the Kalman lter. Fig. 22 (e) shows data from a subsequent frame where partial occlusion occurs resulting in missing contour points, while Fig. 22(f) shows the models tted to these data.
Discussion
In reference to the fth experiment (in which m o vement of the handles of a pair of pliers occurred), when we monitor the subsequent motion of the left handle and the right j a w of the pair of pliers ( Fig. 23(a) ), and since they move consistently, w e m a y w ant to group them as two sub-parts of one part as in Fig. 23(b) . In order to be able to \collapse" parts that are not moving relative to one another, one needs the following criterion.
Criterion D If the generalized coordinates of two part models m 1 and m 2 ) satisfy the relation k q t (t) ; q t (t init )k < K D 1 V k q (t) ; q (t init )k < K D 2 (where K D 1 and K D 2 are two a p r i o r i de ned constants, t init is the time that the models m i were initialized, q t (t) = q t 2 (t) ; q t 1 (t) and q (t) = q 2 (t) ; q 1 (t) represent the relative translation and orientation of the model-centered coordinate systems of m 1 and m 2 ) and in addition ( 1 (t) + 2 (t)) ' (t) ( w h e r e i is the error of t of model m i ), then use a single deformable model n to t the data ( (t) is the error of t of the model n to the data) and update G and L by replacing m 1 and m 2 with n.
Concerning the gure background segmentation, one alternative w ould be to employ the background subtraction algorithm proposed by Russel, Starner and Pentland 36] . The system is initialized by acquiring 40 images of the static background scene and the mean and variance of the red, green, blue and luminance values of each pixel location are computed. After initialization, each pixel is classi ed as part of the background based on four conditions and two thresholds. In addition, we assume that changes in the lighting do not a ect the topology of the extracted gure from the background. Therefore, any c hanges in the topology of the observed object are due to the existence of multiple parts.
The criteria presented in this paper along with the ones presented in 16] c o ver all the events that signal the existence of multiple parts in the case of observation from a non-accidental view. However, if we observe the opening of a subject's st from a viewpoint where the ngers occlude each other and there is no relative motion between them, then the algorithm will not determine the existence of multiple parts.
Conclusions
This paper present e d a n o vel, integrated approach t o t wo-dimensional part segmentation, shape and motion estimation of the parts of multi-part objects. First, we h a ve related the geometry and the deformations of the apparent c o n tour of a multi-part object whose parts move in a plane perpendicular to the viewing geometry, to its part structure. We h a ve s h o wn how a spatiotemporal parameterization of the deformations of the apparent c o n tours leads to the hypothesis of multiple parts and how this hypothesis is veri ed. We then demonstrated a Part Segmentation Algorithm that recovers all the moving parts of a multi-part object by monitoring the deformations of the shape of the initial model of the apparent c o n tour. Using the above 2D analysis, we h a ve recently developed an algorithm for modeling and tracking humans using multiple cameras 16, 17] .
